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Abstract
This paper shall introduce the concept of characteristic knots to θ-curves with bridge decomposi-
tions. By means of the refinement of Morimoto–Sakuma–Yokota’s method of studying tunnel number
one knots, another proof will be provided for the tunnel number of the Montesinos knots delt with
by Klimenko–Sakuma, and it is shown that each rational pretzel knot M(0; (2,−1), (3,1), (|6β −
1|, |β|)),β = 1, admits at least two non-homeomorphic (1,1) decompositions doubly covered by the
horizontal and vertical Heegaard decomposition of the Brieskorn homology sphere V (2,3, |6β−1|),
respectively.
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1. Introduction
Given a knot K in S3, a tunnel is an embedded arc τ in S3 with its endpoints on K
and its interior disjoint from K . A tunnel τ is an unknotting tunnel if the complement of
a regular neigborhood W1 of K ∪ τ is a handlebody W2 of genus 2. Hence an unknotting
tunnel τ of K induces a Heegaard decomposition S3 = (W1,K) ∪ (W2,∅) of genus 2,
which is called a (2,0)-decomposition of (K, τ). Any knot with an unknotting tunnel is
called a tunnel number one, or shortly, a tunnel-1 knot.
A knot K in S3 is said to admit a (1,1)-decomposition if it has a decomposition
(S3,K) = (V1, t1) ∪ (V2, t2) with a properly embedded trivial string ti in a solid torus
Vi for each i = 1 and 2.
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Any knot admitting a (1,1)-decomposition is called a 1-genus 1-bridge knot, or shortly,
a (1,1)-knot. It is easy to see that a (1,1)-decomposition of K induces a pair of unknotting
tunnels of K called (1,1)-tunnels and hence all (1,1)-knots are tunnel-1 knots but it is
known that there are tunnel-1 knots which do not admit (1,1)-decompositions by [11]
or [14] (cf. Fig. 12).
For study of tunnel-1 knots (respectively (1,1)-knots) in S3, Morimoto–Sakuma–
Yokota introduced the concept of a 3-bridge (respectively 2-bridge) decomposition of a
θ -curve through application of Birman–Hilden–Viro’s Theorem to a (2,0)-decomposition
of a tunnel-1 knot (respectively a (1,1)-decomposition of a (1,1)-knot). Then a bridge
decomposition of a θ -curve naturally induces those of three constituent knots. They then
observed that if a strong inversion h is induced by an unknotting tunnel of K , then the set
of constituent knots of θ(K,h) consists of a pair of trivial knots and a knot with a 2-bridge
decomposition.
Based on this simple observation, they successfully identified all Montesinos tunnel-1
knots all of which turn out to be (1,1)-knots. But, they pointed out that for certain knots, the
above simple method does not work. The following are examples of such knots discovered
by them.
(A) Montesinos knots K = M(b: (α1, β1), (α2, β2), (α2, β2)), where β1/α1 = ±1/2,
β2/α2 = ±1/3 and e(K)=±1/(α1α2).
(B) Two 10-crossing knots 10152 and 10154 admitting 2-string essential tangle decompo-
sitions.
In particular, Montesinos knots (A) were proven to not be tunnel-1 knots by Klimenko
and Sakuma through investigation of the ranks of extended triangle groups [6].
One of main purposes of this paper is to provide a geometric interpretation of the above
observation. Although each of the above knots is not a tunnel-1 knot, we shall see that it
has a strong inversion whose θ -curve admits a 2-bridge decomposing sphere.
For instance, Fig. 1 (cf. Example 3.8 [13]) shows that a θ -curve induced by a strong
inversion of M(0; (3,−1), (5,1), (5,1)) admits a 2-bridge decomposing sphere S2 which
brings the two trivial constituent knots α∪β and β ∪γ into a 2-bridge and a 1-bridge form
Fig. 1.
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respectively. Then we have a torus knot t (5,6) as a (1,1)-knot by taking α∪β as the axis of
its strong inversion whereas we have the given Montesinos knot by taking β ∪γ as the axis
of its strong inversion. Likewise we can see that 10152 (respectively 10154) shares a θ -curve
in common with a cabled (1,1)-knot {(2,3), (11,2)} (respectively {(2,3), (13,2)}). This
observation forces us to consider the double covering of S3 branched over the 1-bridge
constituent knot and to come up with a strongly invertible knot Kch with a 3-bridge
(respectively 4-bridge) decomposition from a given θ -curve with a 2-bridge (respectively
3-bridge) decomposition as illustrated in Fig. 2. We call Kch the characteristic knot
associated with a bridge decomposition of a θ -curve.
This enables us to see clearly why M(0; (3,−1), (5,1), (5,1)) is not a tunnel-1 knot;
since the bridge number of t (5,6) is 5, there is no 3-bridge decomposing sphere with α∪β
as a 1-bridge constituent knot.
Along with a geometric proof for the tunnel number of the Montesinos knot in (A), we
show other applications of Morimoto–Sakuma–Yokota’s method. Applying their method
to Wolcott’s θ -curves studied in [8,24,25], it is shown that each rational pretzel knot Pβ =
K(0; (2,−1), (3,1), (|6β − 1|, |β|), β = 1 in [2] admits at least two non-homeomorphic
(1,1)-decompositions doubly covered by the horizontal and vertical Heegaard splitting of
the Brieskorn homology sphere V (2,3, |6β − 1|), respectively.
They pointed out that their geometric method is potentially useful to the problem of
detecting tunnel-1 knots which do not admit (1,1)-decompositions. Indeed, it is shown
here that the strong inversion associated with the unknotting tunnel of K(5,7,4) in [14]
induces the characteristic knot with the bridge number 4 (cf. Fig. 12). This seems to support
their claim.
Goda and Hayashi asked if there are (1,1)-knots which satisfy Theorem 1.1(ii) [3]
excluding known torus knots. The author found a candidate of such a knot, as shown in
Fig. 13 which turns out to be another Morimoto–Sakuma–Yokota knot K(5,7,2).
Thus, the author claims that we can recover the efficiency of Morimoto–Sakuma–
Yokota’s method of studying tunnel-1 knots by realizing the distinguished role of the
characteristic knot Kch associated a θ -curve with a bridge decomposition.
2. θ -curves with bridge decompositions
By a θ -curve in S3 we mean a graph in S3 consisting of a pair of vertices V = {v1, v2}
and three 3-edges E = {e1, e2, e3} with no loops. A knot K in S3 is said to be strongly
invertible if there is an involution h (called a strong inversion) of the pair (S3,K) such
that Fix(h) is a circle intersecting K in two points. Considering the double covering
projection p :S3 → S3/h (∼= S3) branched over a trivial knot p(Fix(h)), we have a θ -
curve θ(K,h)≡ p(Fix(h)∪K) induced by the pair (K,h).
Let K be a knot with a n-bridge decomposition (S3,K,S)= (B1, t1) ∪ (B2, t2), where
S = ∂B1∩∂B2 denotes the associated bridge decomposing sphere. Then a strong inversion
h of a knot with a n-bridge decomposition (S3,K,S) is said to be bridge-preserving
(respectively bridge-exchanging) if and only if h(Bi, ti ) = (Bi, ti ) for each i = 1 and 2
(respectively h(B1, t1)= (B2, t2) and vise versa).
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Fig. 2.
A θ -curve is said to admit a 2-bridge decomposition, if and only if (S3, θ) is a union
of (B1, t1, a1) and (B2, t2, a2) along their boundary S2 = ∂B1 = ∂B2, where (Bi, ti )
(respectively ai ) is a 2-strand trivial tangle (respectively a trivial arc in (Bi, ti)) for i = 1,2
as illustrated in Fig. 1(a), and it is said to admit a 3-bridge decomposition, if and only
if (S3, θ) is a union of (B1, t1, a) and (B2, t2,∅) along their boundary S3 = ∂B1 = ∂B2,
where (Bi, ti) is a 3-strand trivial tangle for i = 1,2 and a is a trivial arc in (B1, t1) as
illustrated in Fig. 2(b).
In the above definition Sg is said to be a bridge decomposing sphere and a θ -curve
admitting bridge decomposition sphere Sg is denoted by (θ, Sg).
Remark. With replacement of the 3-strand trivial tangle by a 2-strand trivial tangle in the
definition of (θ, S3), we have a rational θ -curve as studied by Harikae [4].
In the sequel, we assume that g = 2 or 3 otherwise it is stated explicitly. The following
lemma immediately follows from the definition of (θ, Sg).
Lemma 1. A θ -curve with a bridge decomposition (θ, Sg) induces those of its three
constituent knot Ci = θ − Int(ei) such that
(i) for g = 2, C1 has a 1-bridge decomposition and C2, C3 have 2-bridge decompositions,
(ii) for g = 3, C1, C2 and C3 have 1, 2 and 3-bridge decomposition, respectively.
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Lemma 2. For each pair (θ, S) of a θ -curve and its g-bridge decomposing sphere
S (≡ Sg), we have a triple (K, S˜, h) of a knot K , its (g+ 1)-bridge decomposing sphere S˜
and a bridge preserving strong inversion h.
Conversely a bridge preserving strong inversion of a knot with a (g + 1)-bridge
decomposition induces a θ -curve with a g-bridge decomposition.
Proof. Consider the double covering projection π : S˜3 = B˜1 ∪ B˜2 → S3 = B1 ∪ B2
branched over a 1-bridge constituent knot C1 where each B˜i is the 3-ball covering Bi .
Since C1 is a trivial knot, so is π−1(C1) in the covering 3-sphere S˜3. Then π−1(e1), the
lifting of the edge e1 = θ −C1 is a knot in S˜3 with a bridge decomposition (S˜3,π−1(e1))=
(B˜1,π−1(e1∩B1))∪ (B˜2,π−1(e1∩B2)) where π−1(e1∩Bi) consists of g+ 1 trivial arcs
for each i = 1,2 as illustrated in Fig. 2. Moreover π−1(C1) forms the fixed circle of a
bridge preserving strong inversion for a pair (Kch ≡ π−1(e1), S˜ ≡ π−1(S)).
By tracing the above argument backwards, we have the converse. ✷
We call the knot K in Lemma 2 the characteristic knot of (θ, Sg) and denote it by Kch.
Remarks. There are strong inversions of 3-bridge knots which may not be bridge
preserving. For instance, a 3-bridge knot 940 has a strong inversion h such that (θ,h) has
a constituent knot 821 =M(1; (2,1), (3,2), (3,2)). Thus h cannot be bridge preserving
by Lemmas 1 and 2. On the other hand, each of 3-bridge knots 10155 and 10157 with the
antipodal (i.e., 2-freely periodic) symmetry have two strong inversions such that one is
bridge preserving and the other is bridge exchanging.
A pair of θ -curves with bridge decompositions (θi, Si), i = 1 and 2, is said to be
homeomorphic, if and only if there exists an orientation preserving homeomorphism
Ψ :S3 → S3 such that Ψ (θ1, S1)= (θ2, S2). On the other hand a pair of bridge preserving
strong inversions hi of Ki with a bridge decomposing sphere Si , i = 1 and 2, is said
to be homeomorphic, if and only if there exists an orientation preserving homeomorphism
Π :S3 → S3 such thatΠ(K1, S1)= (K2, S2) and h2 =Π ◦h1◦Π−1. Under these concepts
of equivalences, we can easily see that each θ -curve with a bridge decomposition (θ, S)
uniquely corresponds to a triple (Kch, S˜, h) up to their homeomorphic types.
3. The Z2 ⊕Z2-branched covering of (θ, Sg)
Denote the dihedral group Z2 ⊕Z2 by D2. It is well known that for any θ -curve in S3,
we have the D2 covering projection πD2 :M → S3 branched over θ which is induced
by a monodromy map from the fundamental group of θ to D2. For more detail of this
construction, for instance, see [16] or [17].
If a θ -curve admits a bridge decomposing sphere Sg , then we shall see that the branch
set upstairs π−1D2 (θ) can be realized by fixed point circles of three (orientation preserving)
involutions of M which preserve each handlebody in a Heegaard decomposition of M
with genus g. Hence restriction of πD2 on the associated Heegaard surface Fg induces the
covering projection πD2 |Fg :Fg → Sg branched over θ ∩ Sg .
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Let S1ε , S1σ and S1ρ be a triple of circles in S3 = R3 ∪ ∞ each pair of which meets
orthogonally at S1ε ∩ S1σ ∩ S1ρ . Then π -rotation with respect to S1ε , S1σ and S1ρ induce
involutions ε, σ and ρ of S3 respectively such that ρ = ε ◦ σ = σ ◦ ε. Let D2 = 〈ε,σ :
ε ◦ σ = σ ◦ ε〉. Then S3 has D2 symmetry with a pair of global fixed points S1ε ∩ S1σ ∩ S1ρ .
Now, we consider a handlebody Hg of genus g standardly imbedded in S3 so that the
D2-action of S3 can be restricted on Hg. Here we assume that one of involutions in D2,
say ε, is always taken as the standard involution of Hg so that S1ε ∩ Hg may consist of
(g + 1)-arcs.
Then we have a setMg of (g + 1)-meridian discs of Hg with the following action of a
non-trivial involution I ∈D2 on each meridian disc D ∈Mg :
(1) if Fix(I) ∩D = ∅, then I (D) is another meridian disc E ∈Mg ;
(2) if Fix(I) ∩D is a single point (and hence a global fixed point of D2), then I (D)=D
and I preserves the orientation of D;
(3) if Fix(I) ∩D is an arc, then I (D)=D and I reverses the orientation of D.
We call Mg a system of D2-equivariant meridian discs of Hg . Let M∗g be a system
of D2-equivariant meridian discs of H ∗g = S3 − Int(Hg). Sincs a non-trivial involution
I ∈D2, I = ε, has the action of type (1) on each meridian disc inMg orM∗g which does
not contain any global fixed point of D2, we have:
Case g = 2. Each global fixed point of D2 should lie on each handlebody H2 and H ∗2 ,
respectively. For a meridian disc Df inM2 (respectively Df ∗ inM∗2) containing a global
fixed point f (respectively f ∗), two involutions which have the action of type (2) on Df
and Df ∗ must be the same. We take such an involution as σ . Then σ transposes the two
meridian discs ofM2 − {Df } and those ofM∗2 − {Df ∗} as illustrated in Fig. 3(a).
Case g = 3. Both global fixed points f1, f2 of D2 should lie on one of the two
handlebodies, say H3. And, two involutions which have the action of type (2) on Df1
and Df2 must be the same. We take such an involution as σ . Then S1σ forms a core of H3
transversely meeting the meridian discs Df1 and Df2 , and σ transposes the two meridian
discs ofM3−{Df1,Df2}. On the other hand, σ acts freely on H ∗3 and pairwise transposes
two meridian discs ofM∗3 as illustrated in Fig. 3(b).
Since an orientation-preserving involution of S3 is conjugate to an orthogonal
transformation by [23], we see that a D2-symmetry of Hg with its standard involution
in D2 is uniquely determined.
If we can choose a gluing homeomorphism ψ of the two handlebodies Hg and H ∗g so
that it may be compatible with ε and σ , i.e., ε ◦ψ =ψ ◦ ε and σ ◦ψ =ψ ◦σ , then we have
a 3-manifold with a Heegaard decompositionMg =Hg∪ψ H ∗g on which the dihedral group
D2 acts so that it may preserve each handlebody. We call such a Heegaard decomposition
of a 3-manifold D2-symmetric.
Further we assume that the gluing homeomorphism ψ is chosen so that M may be a
Z2-homology 3-sphere, which is necessary for M to be the double branched covering of
a knot K in S3 or the D2-branched covering of a θ -curve in S3 (cf. Lemma 15.3 and
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(a)
(b)
Fig. 3.
Sublemma 15.4 [21]). Then by classification of a D2 action on a Z2-homology 3-sphere in
Proposition 3 [19], it is guaranteed that the fixed point sets of all three involutions of M
form three circles intersecting in exactly two points.
If we denote the fixed point set of each involution I ∈ {ε,σ,ρ} of M by Fix(I) and
the union of them by Fix(I), then we have the D2-covering projection πD2 :M→M/D2
(∼= S3) branched over a θ -curve πD2(Fix(I)) with a bridge decomposing sphere πD2(Fg)
where Fg is a Heegaard surface associated with the Heegaard decomposition of M . And,
for each I ∈ {ε,σ,ρ} we have the double covering projection πI :M → M/I branched
over a knot KI = πI (Fix(I)) in M/I whose Heegaard decomposition of genus g∗,
M/I = Hg/I ∪ψ˜ H ∗g /I , naturally induces a (g∗, b)-decomposition of KI in M/I where
ψ˜ = πI ◦ψ ◦ (πI )−1.
Details of such decomposition of KI is given in the following proposition which can be
easily read off given the D2-action on the handlebodies.
Proposition 3. Let M be a Z2-homology 3-sphere admitting a D2-symmetric Heegaard
decomposition of genus g. Then we have:
Case g = 2.
(i) Kε is a knot in S3 with a 3-bridge decomposition and with a bridge preserving strong
inversion hε such that Fix(hε)= πε(Fix(σ )∪ Fix(ρ)).
(ii) Kσ (respectively Kρ) is a (1,1)-knot in a lens space M/σ (respectively M/ρ) And
πσ (Fix(ε) ∪ Fix(ρ)) (respectively πρ(Fix(ε) ∪ Fix(σ ))) form the fixed point set of
the standard involution of the lens space M/σ (respectively M/ρ) intersecting each
unknotted string once in the (1,1)-decomposition of Kσ (respectively Kρ).
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Case g = 3.
(i) Kε is a knot in S3 with a 4-bridge decomposition and with a bridge preserving strong
inversion hε such that Fix(hε)= πε(Fix(σ )∪ Fix(ρ)).
(ii) Kσ admits a (2,0)-decomposition in M/σ ;
(M/σ,Kσ )= (H3/σ,Kσ )∪ψσ (H ∗3 /σ,∅).
Further, πσ (Fix(ε)∪Fix(ρ)) form the fixed point set of the standard involution of M/σ
intersecting Kσ twice.
(iii) Kρ admits a (1,2)-decomposition in a lens spaceM/ρ. And πρ(Fix(ε)∪Fix(σ )) form
the fixed point set of the standard involution of the lens space M/ρ intersecting each
of two unknotted strings once on one side of a solid torus of the (1,2)-decomposition
of Kρ .
Remark. All lens spaces (including S3) in Proposition 3 must be of odd type, i.e.,
L(p,q),p ≡ 1 (mod) 2 because they are the double branched coverings of constituent
knots of the θ -curve with 2-bridge decompositions.
Conversely we have:
Theorem 4. Let (K,Sg+1, h) be a triple of knot K with a (g + 1)-bridge decomposing
sphere Sg+1 and a bridge-preserving strong inversion h. Then the double branched
covering space of (S3,K) admits a D2-symmetric Heegaard decomposition of genus g.
Proof. Taking a gluing homeomorphism ψ of the two handlebodies Hg and H ∗g provided
by the (g + 1)-bridge decomposition of K through the method in [1], we have the double
covering projection π :M = Hg ∪ψ H ∗g → S3 branched over K . Thus we have a set
Mg (respectivelyM∗g) of (g + 1)-meridian discs of Hg (respectively H ∗g ) such that they
may doubly cover the spanning discs of (g + 1)-trivial arcs in the bridge decomposition
of K . And, we have an involution ε of M with π−1(K), the lifting of K as the fixed
circle. Since h is a bridge-preserving strong inversion of K , there are a pair of involutions
h˜1, h˜2 of M such that h ◦ π = π ◦ h˜i (i = 1,2), π−1(Fix(h)) = Fix(h˜1) ∪ Fix(h˜2) and
π−1(K ∩ Fix(h))= Fix(h˜1)∩ Fix(h˜2).
In the case of g = 3, both points of π−1(K ∩ Fix(h)) lie on one side of the
two handlebodies, say H3. Then one of the two circles, say Fix(h˜1), in π−1(Fix(h))
transversely meets a pair of meridian discs in M3 which are determined by the two
spanning discs of the trivial arcs containing K ∩ Fix(h). Thus, Fix(h˜1) forms a core of
H3 and h˜1 is equivalent to σ . In the case of g = 2, π−1(K ∩ Fix(h)) consists of a pair of
points {p,p∗} such that p ∈ H2 and p∗ ∈ H ∗2 , respectively. Then, one of the two circles,
say Fix(h˜1), in π−1(Fix(h)) transversely meets a meridian disc inM2 (respectivelyM∗2)
which is determined by the spanning disc of the trivial arc containing p (respectively p∗)
in the given bridge decomposition of K . Thus h˜1 is equivalent to σ . ✷
By Lemma 2 and Theorem 4, we have:
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Corollary 5. Let (θ, Sg) be a θ -curve with a bridge decomposing sphere Sg . Then the D2-
branched covering of (θ, Sg) admits a D2-symmetric Heegaard decomposition of genus g
such that the associated Heegaard surface covers Sg .
By considering the D2-branched covering of (θ, Sg), we have a refinement of the
Morimoto–Sakuma–Yokota’s method of studying tunnel 1 knots.
Theorem 6 (Theorem 1.2(1) and (2) [13]). A knot K in S3 is a (1,1)-knot (respectively a
tunnel-1 knot), if and only if there exists a strong inversion h of K such that
(i) θ -curve θ(K,h) admits a 2 (respectively 3)-bridge decomposing sphere S2 (respecti-
vely S3) and
(ii) p(Fix(h)) forms a trivial constituent knot of (θ(K,h), S2) (respectively (θ(K,h), S3))
with a 2-bridge (respectively 3-bridge) decomposition where p is the projection
S3 → S3/h.
Condition (ii) is omitted in the original statement of Theorem 6. But, it is indispensable
because a bridge decomposition of θ(K,h) may be induced by, for instance, its
characteristic knot. Moreover, the characteristic knot is not a tunnel-1 knot in general.
4. Main results
Applying Theorem 6 to strong inversions of Montesino knots, Morimoto–Sakuma–
Yokota found;
Theorem 2.2 [13]. If a Montesinos knot M(b; (α1, β1), . . . , (αr , βr )) with r branches has
tunnel number one, then one of the following conditions holds up to cyclic permutation of
the indices:
(1) r = 2 (i.e., a 2-bridge knot);
(2) r = 3, α1 = 2 and α2 ≡ α3 ≡ 1 (mod 2);
(3) r = 3, β2/α2 ≡ β3/α3 ∈ Q/Z and e0(K) = ±1/(3α1), where e0(K) is the rational
Euler number b−∑ri=1 βi/αi .
Conversely, if the condition (1), (2), or the following (3)′ holds, then K has tunnel number
one:
(3)′ r = 3, β2/α2 ≡ β3/α3 ≡±1/3 ∈Q/Z and e0(K)=±1/(3α1).
Their theorem left the question of determining a tunnel number of a knot in (3) which dose
not belong to (3)′. It is settled by Klimenko and Sakuma with an algebraic method [6] but
we shall propose a geometric proof based on observation that a Montesinos knot in (3)
shares its θ -curve in common with a torus knot.
384 H.J. Song / Topology and its Applications 127 (2003) 375–392
Let θ(p, q) be a θ -curve associated with the (unique) strong inversion of a torus knot
t (p, q). Since t (p, q) is a (1,1)-knot, θ(p, q) admits a 2-bridge decomposing sphere Sv
such that Sv is doubly covered by a 1-bridge decomposing torus Tv of t (p, q). Moreover,
any 1-bridge decomposing torus Tv of t (p, q) is isotopic to the one induced by the natural
fibering of S3 by t (p, q) such that the relevant slope is lifted to the Seifert fibering of
the Brieskorn manifold V (2,p, q), the double covering space of S3 with the covering
projection πv branched over t (p, q). Then π−1v (Tv) is a Heegaard surface Fv associated
with the vertical Heegaard splitting of V (2,p, q) and the standard involution axis of Fv is
projected to a 3-branched Montesinos knot. For justification of the above statements, see,
for instance, Theorem 3 [9], p. 145 (1.4) [12] and Section 3 [20].
For this reason we call Sv the vertical decomposing sphere of θ(p, q).
On the other hand if t (p, q) is a 3-bridge knot such that p = 3 and 7 |q|, then θ(3, q)
admits another 2-bridge decomposing sphere Sh with t (3, q) its characteristic knot. In this
case a Heegaard surface Fh associated with the horizontal Heegaard splitting of V (2,3, q)
forms the D2-cover of Sh.
Thus we call Sh the horizontal decomposing sphere of θ(3, q).
Regarding the existence of Sh, see remark below for θ(3,2q) and Fig. 8 for θ(3,2q+1).
Lemma 7. Brieskorn manifold ±V (2,2α1, α2) is the double covering space of S3
branched over both a Montesinos knotK =M(b: (α1, β1), (α2, β2), (α2, β2)) with e(K)=
±1/(α1α2) and a torus knot t (±2α1, α2).
Proof. From restriction on the rational Euler characteristic; (bα1 − β1)α2 − 2β2α1 =±1,
we see that α2 is odd and gcd(2α1, α2)= 1.
By computing Seifert invariant of the Brieskorn manifold V (2,2α1, α2) (cf. Sec-
tion 3.9 [18]), one can confirm this claim. ✷
The following theorem is the immediate consequence of the above observation made on
θ(p, q) and Lemma 7.
Theorem 8 [6]. Let K be a Montesinos knot M(b: (α1, β1), (α2, β2), (α2, β2)), where
β1/α1 = ±1/2, β2/α2 = ±1/3 and e(K)=±1/(α1α2). Then K has a strong inversion h
such that θ(K,h) admits a 2-bridge decomposing sphere but the tunnel number of K is
equal to 2.
Proof. It follows from the fact that K is the characteristic knot of (θ(2α1, α2), Sv) and
bridge number of a torus knot t (2α1, α2) is greater than 4. ✷
Remark. Here we collect the other observations made on θ(p, q) for comparison with
Theorem 2.2 [13].
(1) (θ(±3,2q), Sh) induces a (1,1)-decomposition of M(b; (q,β), (3,1), (3,1)), e =
±1/(3q).
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(2) A Montesinos knot K =M(b: (2,±1), (α,β), (α,β)), e = ±1/(2α) has two strong
inversions h1 and h2 such that
(i) θ(K,h1) is not homeomorphic to θ(±4, α) and admits a 2-bridge decomposing
sphere yielding a (1,1)-decomposition of K .
(ii) θ(K,h2) is homeomorphic to θ(±4, α) and admits a 2-bridge decomposing sphere
yielding a (1,1)-decomposition of a torus knot t (±4, α).
Example. See Fig. 4.
(1,1)-decompositions of rational pretzel knots
Now it will be shown that θ(3, |6β − 1|), β = 1 admits two nonhomeomorphic 2-
bridge decomposing sphere Sv and Sh the associated characteristic knots of which are
a rational pretzel knot Pβ = K(0; (2,−1), (3,1), (|6β − 1|), |β|) and a torus knot Tβ =
t (3, |6β−1|), respectively. Moreover, since the Brieskorn 3-manifoldV (2,3, |6β−1|) is a
homology sphere, each of three constituent knots of θ(3, |6β−1|) is trivial (cf. [16]). Thus,
all of three involutions of V (2,3, |6β−1|) yield knots in S3. Fig. 5 shows how those knots
can be obtained from the vertical and horizontal Heegaard splitting of V (2,3, |6β − 1|).
A pair of (1,1)-decompositions of the knot K in S3, (S3,K)V = (V1, t1)∪ (V2, t2) and
(S3,K)W = (W1, s1) ∪ (W2, s2) are said to be homeomorphic if and only if there exists
an orientation preserving homeomorphismΦ : (S3,K)→ (S3,K) such that Φ(FV , ∂t1)=
(FW , ∂s1) where FV (respectively FW ) is the decomposing torus of (S3,K)V (respectively
(S3,K)V ).
Obviously homeomorphic (1,1)-decompositions induce homeomorphic θ -curves with
2-bridge decompositions. Thus from Fig. 5 we instantly notice that the rational pretzel knot
Pβ admits at least two non-homeomorphic (1,1)-decompositions. For verification of the
claim in Fig. 5 and study of homeomorphic types of the two (1,1)-decompositions of Pβ
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associated with the horizontal Heegaard splitting, we exploit the Wolcott θ -curve θ(i, j, k)
as shown in Fig. 6.
It can be seen that θ(i, j, k) admits three 2-bridge decomposing spheres Si, Sj and Sk
which induce K(i, j, k),K(j, k, i) and K(k, i, j) as its characteristic knot respectively (cf.
Fig. 6 [25]).
Let M be the Brieskorn homology sphere obtained by 1/(−β)-Dehn surgery of the
(left-hand) trefoil b(3,2) and π :M → S3 be the double branched covering projection
induced by the 2-cyclic symmetry of b(3,2). Then π has a torus knot t (3,6β − 1) as
the branched set (cf. Fig. 14(a) [15]). By deforming t (3,6β− 1) with 2β- (right-hand) full
twists into K(β,1,1), we see that θ(β,1,1)= θ(3,6β−1) (cf. K(1,1,1)= t (3,5)). Note
that K(i, j, j) admits the antipodal symmetry preserving its 3-bridge decomposing sphere
as illustrated in Fig. 7.
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One can verify this by means of the antipodal map A :S3(= R3 ∪∞)→ S3 defined by
Ax=−x/‖x‖2, x ∈ S3.
Let A be the symmetry of θ(i, j, j) induced by A (cf. Proposition 1.2(2) [7] and p. 18
ii) [10]). Then it is easy to see that A exchanges the two 3-balls determined by Si as shown
in Fig. 8 where we denote, for instance, A(X) by X.
On the other hand A carries Sj to Sk (and the other way around) as sown in Fig. 9.
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Applying this observation to θ(β,1,1)= θ(3,6β − 1) with Sh = Si and Sv = Sj (and
hence K(1, β,1)=K(1,1, β) is either Pβ or its mirror image knot), we have:
Theorem 9. Each rational pretzel knot Pβ = K(0; (2,−1), (3,1), (|6β − 1|), |β|),
β = 1 admits at least two non-homeomorphic (1,1)-decompositions doubly covered by
the vertical and horizontal Heegaard splitting of V (2,3, |6β − 1|), respectively.
Remarks. In [22] the author has shown four (1,1)-tunnels of Pβ including the pair
detected by [13].
10152 and
{
(2,3); (11,2)}.
The left-hand side of Fig. 10 is a genus 2 Heegaard diagram of a graph 3-manifold
introduced by Hempel (cf. Fig. 10(a) [5]) as one of examples of Heeggard diagrams with
disjoint curve properties. Taking the quotient of the diagram with respect to involution σ ,
we have a (1,1)-decomposition of a knot Kσ in S3 which is in fact the Bailey–Rolfsen
cabled knot {(2,3); (11,2)}.
On the other hand, Fig. 11 shows that the standard involution ε of M induces a 3 bridge
knot Kε = 10152 admitting a 2-string essential tangle decomposition.
Thus we see that 10152 is the characteristic knot of a 2-bridge θ -curve induced by the
(1,1)-decomposition of {(2,3); (11,2)}.
Likewise 10154 shares its θ -curve in common with {(2,3); (13,2)}.
Remark. In [22] the author shows how to derive a triple of knots Kε , Kσ and Kρ from a
Heegaard diagram of genus 2 with a D2-symmmetry.
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Morimoto–Sakuma–Yokota knots K(5,7,4) and K(5,7,2)
Here, this paper suggest a rather naive way of seeing whether a given tunnel-1 knot
K admits a (1,1)-decomposition or not. For instance, we consider a Morimoto–Sakuma–
Yokota knot K(5,7,4) in [14] with an unknotting tunnel τ . From the strong inversion h
induced by τ we create the characteristic knot Kch. Note that in this case we can create
Kch without explicit knowledge of the 3-bridge decomposing sphere because the θ -curve
has only one trivial constituent knot excluding the one corresponding to Fix(h). Indeed we
see that bridge number of Kch is 4 as illustrated in Fig. 12. Note that a lebeling of the knot
Fig. 12.
Fig. 13.
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diagram with transpositions of S5, the symmetric group of 5-letters contains its minimal
generating set {(1,2), (1,3), (1,4), (1,5)}.
The following (1,1) knot has an unknotting tunnel τ2 which seems not a (1,1)-
tunnel. Once it can be shown that τ2 is not a (1,1)-tunnel, we see that it satisfies
Theorem 1.1(ii) [3]. For more detail see Section 14 [3]. It turns out to be another
Morimoto–Sakuma–Yokota knotK(5,7,2). Note that a (1,1)-tunnel τ1 induces a 3-bridge
decomposition of the characteristic knot.
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